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Abstract
We apply the Schro¨dinger factorization method to the radial second-
order equation for the relativistic Kepler-Coulomb problem. From
these operators we construct two sets of one-variable radial operators
which are realizations for the su(1, 1) Lie algebra. We use this alge-
braic structure to obtain the energy spectrum and the supersymmetric
ground state for this system.
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1 Introduction
Compact and non-compact symmetries play a central role to study many
properties of quantum systems because they form the basis for selection rules
that forbid the existence of certain states and processes. Also, from a given
solution, symmetries allow to obtain new solutions of the dynamical equa-
tions. Moreover, the conserved quantity associated with a given symmetry
represents an integrability condition.
Generators of compact and non-compact algebras for a given Hamiltonian
have not been constructed by a systematic method but intuitively found and
forced to close an algebra [1, 2, 3]. In particular, the su(1, 1) ∼ so(2, 1)
non-compact algebra is the smallest dynamical symmetry admitting infinite-
dimensional representations. This symmetry has been successfully applied to
formulate algebraic approaches to many non-relativistic quantum problems
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14], where the corresponding realizations were
given in terms of two variables. Also, some one-variable realizations for the
su(1, 1) algebra have been introduced [1]. Recently, it has been shown that
the Schro¨dinger factorization operators can be used to construct the su(1, 1)
algebra generators for two- [15] and N -dimensional systems [16].
The relativistic Kepler-Coulomb problem is one of the few exactly solv-
able potentials in physics and it has been studied in several ways: analytical
[17, 18, 19, 20, 21, 22], factorization (algebraic) methods [23, 24, 25], shape-
invariance [26] and SUSY QM for the first- [18, 27] and second-order equa-
tions [28]. The solubility of this problem is due to the conservation of the
total angular momentum, the Dirac and Lippmann-Johnson operators [29].
The first two ones are due to the existence of spin, and the later explains the
degeneracy in the eigenvalues of the Dirac operator of the energy spectrum
and it reduces to the Runge-Lenz vector in the non-relativistic limit. Sym-
metries and SUSY QM are not independent. Indeed, it has been shown that
supersymmetry is generated by the Lippmann-Johnson operator [29].
In a series of papers some realizations of compact and non-compact Lie
algebras for the uncoupled second-order radial equations corresponding to
the relativistic Kepler-Coulomb problem have been introduced [30, 31, 32].
However, in all these works the origin of the generators was not given. More-
over, in order to close the su(1, 1) Lie algebra these generators were forced
to depend on an extra variable which plays the role of a phase.
The aim of this paper is to study the relativistic Kepler-Coulomb problem
from an su(1, 1) algebraic approach by using the Schro¨dinger factorization
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and without the introduction of any additional variable.
In section 2, we obtain the uncoupled second-order differential equations
satisfied by the radial components. In section 3, we obtain the su(1, 1) al-
gebra generators by applying the Schro¨dinger factorization to an uncoupled
second-order differential equation. These results allow us to obtain the en-
ergy spectrum for this system. In section 4, the SUSY ground state and the
action of the su(1, 1) algebra generators on the radial eigenstates are found.
Finally, we give some concluding remarks.
2 The relativistic Kepler-Coulomb radial equa-
tion
The Dirac radial equation for the Kepler-Coulomb problem is [17, 27]
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(
~σ · ~L+ 1
)
, γ =
ze2
c~
, α1 = m+E, α2 = m−E, |k| = j +
1
2
, k = ±1,±2,±3, ..., ~σ = (σ1, σ2, σ3)
are the Pauli matrices, ~L is the angular momentum operator and 1 is the
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From these relations we obtain the uncoupled second-order differential
equations(
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where the superscript (1, 2) corresponds to (+,−) in the centrifugal term,
respectively. Equation (5) allows us to rewrite equation (6) as(
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It must be emphasized that equation (7) is formally obtained from equation
(8) by making s→ s + 1. Hence, by defining ψs ≡ F
(2)
k , we conclude that
F
(1)
k ∝ ψs+1. (10)
Thus, the solution for the Dirac equation in spinorial form is
Φk ≡
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k
F
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)
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)
. (11)
3 The Schro¨dinger Factorization and the su(1, 1)
Lie algebra
In order to factorize the left-hand side operator of equations (8), we apply
the Schro¨dinger factorization [33, 34]. Thus, we propose a pair of first-order
differential operators such that(
ρ
d
dρ
+ aρ+ b
)(
−ρ
d
dρ
+ cρ+ f
)
ψs = gψs, (12)
where a, b, c, f and g are constants to be determined. Expanding this
expression and comparing it with equation (8) we obtain
a = c = ±ξ, f = 1 + b = ∓
γ
ξ
, g = b(b+ 1)− s(s− 1). (13)
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Using these results, equation (8) is equivalent to
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From equation (8) we obtain the operator
Σ3ψs ≡
1
2ξ
(
−ρ
d2
dρ2
+ ξ2ρ+
s (s− 1)
ρ
)
ψs =
γ
ξ
ψs. (16)
Therefore, using equation (15) we define a new pair of operators
Σ± ≡ ∓ρ
d
dρ
+ ξρ− Σ3. (17)
In order to establish the properties of the operators Σ3 and Σ± we define
the inner product on the Hilbert space spanned by the radial eigenfunctions
of the relativistic Kepler-Coulomb problem as [35]
(φ, ζ) ≡
∫ ∞
0
φ∗ (ρ) ζ (ρ) ρ−1dρ. (18)
Thus, it follows that the operator Σ3 is hermitian. Moreover, using equations
(17) and (18) we prove that the operators Σ± are hermitian conjugates,
Σ± = Σ
†
∓. (19)
By direct calculation it is immediate to show that the operators Σ± and
Σ3 close the su(1, 1) Lie algebra
[Σ±,Σ3] = ∓Σ±, (20)
[Σ+,Σ−] = −2Σ3, (21)
with quadratic Casimir operator
Σ2 = −Σ+Σ− + Σ
2
3 − Σ3. (22)
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From equations (16) and (17) we find that the eigenvalue equation for this
operator is
Σ2ψs = s (s− 1)ψs. (23)
The theory of unitary irreducible representations of the su(1, 1) Lie alge-
bra has been studied in several works [35, 36] and it is based on the equations
C2|µ ν〉 = µ(µ+ 1)|µ ν〉, (24)
C3|µ ν〉 = ν|µ ν〉, (25)
C±|µ ν〉 = [(ν ∓ µ)(ν ± µ± 1)]
1/2 |µ ν ± 1〉, (26)
where C2 is the quadratic Casimir operator, ν = µ + q + 1, q = 0, 1, 2, ...
and µ > −1. The last relation means that C+(C−) are the raising (lowering)
operators for ν.
Therefore, from equations (23) and (24), and (16) and (25), we find
µs = s− 1, (27)
νs = ns + s =
γ
ξ
, (28)
respectively, with ns = 0, 1, 2, ....
If we consider that the operators Σ± leave fixed the quantum number µs
then, from equation (27), the values of s remain fixed. This is because the
change νs → νs ± 1 induced by the operators Σ± on the basis vectors |µs νs〉
implies ns → ns±1. Thus, by setting |µs νs〉 → ψ
ns
s and from equations (26),
(27) and (28) we find
Σ±ψ
ns
s = Q
(ns,s)
± ψ
ns±1
s , (29)
with Q
(ns,s)
± = [(ns + s+ 1∓ s) (ns + s+ 1± s± 1)]
1/2 a real number.
Using equations (9) and (28) we find that the energy spectrum for the
lower component of the spinor given in equation (11), ψnss , is
Es = m
[
1 +
γ2
(ns + s)2
]−1/2
. (30)
As was emphasized above, by performing the change s → s + 1 to ψnss
we obtain the upper component of the spinor Φk, ψ
ns+1
s+1 . In this way, its
6
corresponding differential operators are
Ξ3 ≡
1
2ξ
(
−ρ
d2
dρ2
+ ξ2ρ+
s (s+ 1)
ρ
)
, (31)
Ξ± ≡ ∓ρ
d
dρ
+ ξρ− Ξ3 (32)
and by direct calculation we show they satisfy the su(1, 1) Lie algebra
[Ξ±,Ξ3] = ∓Ξ±, (33)
[Ξ+,Ξ−] = −2Ξ3. (34)
From equation (29) we obtain that the action of the ladder operators Ξ± on
the functions ψ
ns+1
s+1 is
Ξ±ψ
ns+1
s+1 = Q
(ns+1,s+1)
± ψ
ns+1±1
s+1 . (35)
Hence, from equation (30) we find that the energy spectrum for the function
ψ
ns+1
s+1 is
Es+1 = m
[
1 +
γ2
(ns+1 + s+ 1)2
]−1/2
. (36)
Since ψ
ns+1
s+1 and ψ
ns
s are the components for the spinor Φk, they must have
the same energy. This means that Es = Es+1. Therefore, from equations
(30) and (36) we obtain
n ≡ ns = ns+1 + 1, (37)
where n = 0, 1, 2, 3, ... is the radial quantum number. Thus, the energy
spectrum for the relativistic Kepler-Coulomb problem is
E = m
[
1 +
γ2
(n+ s)2
]−1/2
, (38)
where the positiveness of E ensures that the components of the spinor given
in (11) are quadratically integrable [30]. In this way, Φnk is given by
Φnk =
(
F
(1)
n k
F
(2)
n k
)
=
(
ψn−1s+1
ψns
)
. (39)
This result, which has been obtained from the theory of unitary representa-
tions, can be deduced from an analytical approach as it is shown in the next
section.
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4 Schro¨dinger and SUSY QM ground states
For n = 0 and from equations (29) and (37) we find that only the state
ψ0s = Nρ
se−γρ/s, (40)
is normalizable respect to the inner product defined in expression (18) and
satisfies the differential equation Σ−ψ
0
s = 0. Also, for n = 0 and from
equation (37) we find ns+1 = −1. For these values, Q
(−1,s+1)
− results to be
a complex number. Thus, from the theory of unitary representations and
equation (35), the function ψ−1s+1 is non-normalizable [36]. Since this function
is not a physically acceptable solution, the spinor corresponding to n = 0 is
Φ0k =
(
0
ρse−γρ/s
)
, (41)
whom we denote as the Schro¨dinger ground state. Notice that Φ0k is equal to
the SUSY ground state for the relativistic Kepler-Coulomb problem found in
[27, 29].
From an analytical approach, to determine Φnk for higher levels we solve
the differential equation (8) by proposing
F
(2)
k = ρ
se−ξρf(ρ). (42)
Thus, f(ρ) must satisfy[
y
d2
dy2
+ (2s− y)
d
dy
+
γ
ξ
− s
]
f (y/2ξ) = 0, (43)
where y = 2ξρ. The solutions for this equation is the confluent hypergeo-
metric function 1F1 (−n, 2s; y). Thus, we get
F
(2)
n k = N2ρ
se−ξρ 1F1 (−n, 2s; 2ξρ) . (44)
In a similar way, the solution for equation (7) is
F
(1)
n k = N1ρ
s+1e−ξρ 1F1 (−n + 1, 2s+ 2; 2ξρ) . (45)
This equations are in agreement with our results obtained from the the-
ory of unitary representations, equation (39). Moreover, it is known that
1F1(0, b; z) = 1, whereas 1F1(a, b; z) diverges for a > 0 . Thus, for n = 0
F
(2)
0 k = Nsρ
se−ξρ, (46)
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Figure 1: Energy levels for the relativistic Kepler-Coulomb problem. The dashed lines
correspond to the null component of the Schro¨dinger ground state and the radial quantum
number n = N − |k|, with N = 1, 2, 3, ... the principal quantum number. The action of
the operators A±, Σ± and Ξ± on the radial states is shown.
while the function F
(1)
0 k is not square-integrable and it must be taken as the
zero funtion. This result is in accordance with equation (41) which has been
obtained from an algebraic approach.
From the definition (37), equations (29) and (35) imply
Σ±ψ
n
s ∝ ψ
n±1
s , (47)
Ξ±ψ
n−1
s+1 ∝ ψ
n−1±1
s+1 . (48)
It must be notice that equation (48) is valid for any value of the radial
quantum number except for n = 0. This is because the upper component
of the spinor for n = 1 can not be obtained from the action of the operator
Ξ+ on the upper component of the Schro¨dinger ground state (equation (41)).
These results are shown in Figure 1. We illustrate the action of the SUSY
operators A± on the eigenstates of the relativistic Kepler-Coulomb problem
[27]. Also, it is shown that the lower components for the states corresponding
to n = 0 are annihilated by the operators Σ− and A
−. This result and the
fact that the upper component of the SUSY [27] and the Schro¨dinger ground
9
states are zero imply the equality of these states.
Equations (16), (47) and (48) allow us to show that the action of the
Schro¨dinger operators on the states ψns is
B±ψ
n
s ∝ ψ
n±1
s . (49)
A similar result can be obtained from the equation (37) and the operators
Ξ±. These results imply that the action of the Schro¨dinger operators on the
components of the spinor Φnk is to change only the radial quantum number
n leaving fixed the Dirac quantum number k = k(s).
5 Concluding Remarks
We have shown that the algebraic treatment for the radial equations of the
relativistic Kepler-Coulomb problem is reduced to find the non-compact sym-
metries for equation (7) or (8). By applying the Schro¨dinger factorization
we found the one-variable generators for the su(1, 1) Lie algebra. From the
theory of unitary representations and the relation between the components
of the spinor Φnk we found the energy spectrum for this system in a purely
algebraic way. Moreover, equations (47) and (48) imply that the su(1, 1) al-
gebra generators Ξ±, Ξ3, and Σ±, Σ3, are represented by infinite-dimensional
Hilbert subspaces of the radial quantum states. The non-compact nature of
the su(1, 1) algebra for this problem reflects that for a fixed Dirac quantum
number, the radial quantum number is bounded from below and unbounded
from above. We showed that the Schro¨dinger ground state, which corre-
sponds to the lowest value of the radial quantum number n = 0, is equal to
the SUSY ground state [27, 29]. Finally, we emphasize that our treatment
does not introduce an extra variable and shows the origin of the su(1, 1) Lie
algebra generators.
Acknowledgments
This work was partially supported by SNI-Me´xico, CONACYT grant number
J1-60621-I, COFAA-IPN, EDI-IPN, SIP-IPN projects numbers 20100897 and
20100518, and ADI-UACM project number 7DA2023001.
10
References
[1] B. G. Wybourne, Classical Groups for Physicists, Wiley Interscience,
New York, 1974.
[2] A. Bohm, Y. Ne’eman, A.O. Barut, Dynamical Groups and Spectrum
Generating Algebras, vols. 1 and 2, World Scientific, Singapore, 1988.
[3] M. J. Englefield, Group Theory and the Coulomb Problem, Wiley In-
terscience, USA, 1972.
[4] W. Miller, Lie Theory and Special Functions, Academic Press, New
York, 1968.
[5] Y. Alhassid, J. Engel and J. Wu, Phys. Rev. Lett. 53(1984)17.
[6] Y. Alhassid, F. Iachello and R. D. Levine, Phys. Rev. Lett.
54(1985)1746.
[7] Y. Alhassid, J. Engel and F. Iachello, Phys. Rev. Lett. 57(1986)9.
[8] A. Frank and B. Wolf, Phys. Rev. Lett. 52(1984)1737.
[9] A. Frank, Y. Alhassid and F. Iachello L. Phys. Rev. A, 34(1986)677.
[10] A. Frank and B. Wolf, J. Math. Phys. 26(1985)973.
[11] J. Wu and Y. Alhassid, J. Math. Phys. 31(1986)557.
[12] G.A. Kerimov, Phys. Rev. Lett. 80(1998)2976.
[13] M. J. Englefield, J. Math. Phys. 28(1987)827.
[14] G. Le´vai, J. Phys. A: Math. Gen. 27(1994)3809.
[15] D. Mart´ınez, R.D. Mota, Ann. Phys. 323(2008)1024.
[16] D. Mart´ınez, J.C. Flores-Urbina, R.D. Mota and V.D. Granados, J.
Phys. A: Math. Theor. 43(2010)135201.
[17] J.D. Bjorken and S. T. Drell, Relativistic QuantumMechanics, McGraw-
Hill, New York, 1964.
[18] B. Thaller, The Dirac Equation, Springer-Verlag, Berlin, 1992.
11
[19] B. Thaller, Advanced Visual Quantum Mechanics, Springer-Verlag,
Berlin, 2005.
[20] W. Greiner, Relativistic Quantum Mechanics, Springer-Verlag, Berlin,
1997.
[21] R.A. Swainson and G. W. F. Drake, J. Phys. A: Math. Gen. 24(1991)79.
[22] R.A. Swainson and G. W. F. Drake, J. Phys. A: Math. Gen. 24(1991)95.
[23] L. Infeld and T.E. Hull, Rev. Mod. Phys. 23(1951).
[24] J. Su, Phys. Rev. A 32(1985)3251.
[25] M.K.F. Wong, Phys. Rev. A 34(1986)1559.
[26] R. de Lima Rodrigues, Phys. Lett. A 326(2004)42.
[27] C.V. Sukumar, J. Phys. A: Math. Gen. 18(1985)L697.
[28] P.D. Jarvis and G.E. Stedman, J. Phys. A: Math. Gen. 19(1986)1373
[29] J.P. Dahl and T. Jorgensen, Int. J. Quant. Chem., 53(161)1995
[30] R.P. Mart´ınez-y-Romero, J. Saldan˜a-Vega and A.L. Salas-Brito, J. Phys.
A: Math. Gen. 31(1998)L157.
[31] R.P. Mart´ınez-y-Romero and A.L. Salas-Brito and J. Saldan˜a-Vega, J.
Math. Phys. 40(1999)2324.
[32] R.P. Mart´ınez-y-Romero, H.N. Nu´n˜ez-Ye´pez and A.L. Salas-Brito, Phys.
Lett. A 339(2005)259.
[33] E. Schro¨dinger, Proc. R. Ir. Acad. A 46, 9(1940).
[34] D. Mart´ınez, R.D. Mota, Ann. Phys. 323(2008)1024.
[35] B.G. Adams, J. Cizek and J. Paldus, Adv. Quant. Chem. Vol. 19
(1987)1. Reprinted in A. Bohm, Y. Neeman, A. O. Barut, Dynami-
cal Groups and Spectrum Generating Algebras, vols. 1 and 2, World
Scientific, Singapore, 1988.
[36] B.G. Adams, Algebraic Approach to Simple Quantum Systems,
Springer-Verlag, Berlin, 1994.
12
